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Abstract

We extend the structured recursive programming discipline,
which favors the use of fold operations in place of general re-
cursion, to abstract data types. The key idea is to represent
an ADT by two parts, a constructor and a destructor, which
are essentially functions to/from a common representation.
Then a fold can work on an ADT by applying parameter
functions to values that are delivered by the ADT’s own
destructor. Fold operations that use as a parameter the
constructor of another ADT, called ADT transformers, play
an important role and offer a concise programming style.
We present some laws for ADT folds and transformers and
show their use in program optimization and verification.

1 Introduction

The structured use of recursion means to employ a fixed
set of operators instead of arbitrary recursion in defining
functions. The most important such operator is fold (also
known as reduce or catamorphism), which is essentially a
homomorphism from an algebraic (or free) data type to an-
other (arbitrary) data type. Fold offers a canonical way of
consuming a data structure; it can be thought of as a func-
tion replacing the constructors of the consumed value by its
parameter functions.

The fold operation is well-known for lists, but it can be
easily generalized to regular data types [19, 21, 24, 22, 11].
Fold operations encapsulate a fixed pattern of recursion,
which makes programming with them attractive for sev-
eral reasons: (i) in most cases, termination is guaranteed,
(ii) powerful program transformations become possible by
simple calculations [4], (ili) automatic optimization tech-
niques exist for programs being expressed as folds/unfolds
[16, 24, 25, 17], and (iv) the structured use of recursion leads
to a better programming style.

One of the first to propagate this style of program-
ming was Backus [2], and it is also the essence of the
Bird/Meertens formalism [3, 20]. However, despite the large
interest in generalized fold operations, there is no general
way to program with folds on abstract data types yet, and
the goal of this paper is to fill this gap; it makes the following
contributions:

1. Extend folds to ADTs
And as a consequence of this:

2. Broaden the applicability of fold
3. Extend the optimization possibilities for fold

And finally, by chosing a particular presentation:

4. Demystify fold and make it accessible to a wider
audience

In the rest of this Introduction we will sketch how the idea
of general folds can be generalized from algebraic data types
to abstract data types, and we will also discuss related work.
In Section 2 we introduce functors and some related defini-
tions which prepares for Section 3 where we introduce ADT's
as pairs of algebras. Section 4 then presents the definition
of ADT folds and ADT transformers and gives examples
that demonstrate the corresponding programming style. (A
larger application can be found in Appendix B where we con-
sider how to deal with graph ADTs and graph algorithms.)
In Section 5 we present some laws that can be used for pro-
gram verification and optimization. Conclusions follow in
Section 6.

1.1 Generalized Folds for Algebraic Data Types

An algebraic data type T' consists of a collection of con-
structors ¢; : Th = T,...,¢n : T, = T. In the formal-
ization of general fold operations, all these constructors are
grouped together into one constructor ¢ : Ti|... [T, — T
whose argument type is then denoted by an expression F(T),
for a suitable type constructor F. Here, F' is used to de-
scribe the argument type structure of T’s constructors, and
c: F(T) — T is also called an F-algebra.

For example, a type for polymorphic lists can be defined
in Haskell by:

data List a = Nil | Cons a (List a)

Actually, lists are predefined in Haskell, and since they are
used so often, a special notation exists: Nil is written as [],
Cong x 1 is denoted by x:1, and the type List a is denoted
by [al. Thus, we have two constructors [] [al and (:)
1+ a -> [a] -> [a].' To combine them into one construc-
tor we need a type constructor denoting the separated sum
of both argument types, a nullary or unit type variant for
[1 and a variant with two types for (:). For this purpose
we can use the type constructor:

data Binary a b = UnitB | Two a b

By fixing the first type parameter of Binary we obtain a
unary type constructor Binary a that, when applied to [a],
denotes the required argument type. Then the combined list
constructor is defined as follows.

cList :: Binary a [a] -> [a]

cList UnitB = [

cList (Two x 1) = x:1

Now the generalized fold operation for F-algebras takes n

w,n

!Brackets convert infix constructors like into prefix operators.



parameters f1,..., fn (corresponding to each possible con-
structor), and, applied to a T-value v, first performs pattern
matching on v, that is, determines the outermost applied
constructor ¢; and its arguments v1,...,vg. Then fold re-
cursively folds all v; of type T and “replaces” ¢; by fi.

1.2 Generalized Folds for Abstract Data Types

It is striking that fold operations have never been defined
in a general form for abstract (non-algebraic) data types.
The main reason for this is that a fold cannot map to less
constrained structures because it would then not be defined
uniquely. This means a severe limit of expressiveness, it
prevents, for example, a function for counting elements of a
set to be expressed as a fold.

A way out is to base the definition of fold on explicitly
defined destructors instead of constructors: dually to a con-
structor, a destructor is a function d : T' — G(T') where G is
a type constructor describing, for example, the different pos-
sible result types 17,...,Ty,; d is also called a G-coalgebra.
An abstract data type (with carrier T') can then be defined
simply as a pair (c,d).

We can easily define canonical destructors for all alge-
braic data types that just undo the term construction. In
that case we have G = F'. For the list data type we obtain
dList from cList by inverting argument and result type and
by exchanging the left and right hand sides of the definitions.

dList :: List a -> Binary a (List a)
dList Nil = UnitB
dList (Cons x 1) = Two x 1

In particular, this means that algebraic data types are com-
pletely covered by our ADT approach.

Concerning the non-algebraic case, consider an ADT for
sets (with the same type structure as lists). The semantics
of sets suggests to return one element from a set at most
once, and this behavior can be realized within either the
constructor or the destructor. Taking the second option we
reuse cList as a constructor and define a destructor:

dSet :: Eq a => [a] -> Binary a [al
dSet [] = UnitB
dSet (x:1) = Two x (filter (/=x) 1)

This means to normalize sets within the destructor by re-
moving the element that is split off the set from the remain-
ing set.

Having destructors available, the fold operation (with
parameters fi,..., fm) can now work as follows: first, d
is applied to v yielding a value v; of type 7. Then fold
processes recursively all subvalues of type T' (that is, fold
“replaces” all T-values in v; by their folded results) and
applies f; to the result. Note that in this case the ADT
constructor ¢ is not of any interest for fold; all that matters
is the destructor d.

For example, counting the elements of a list can be ex-
pressed by a fold mapping UnitB to 0 and Two x n to n+1.
Now by virtue of basing fold on destructors, the same works
for sets, too: elements of a set are properly counted, since
duplicates are eliminated within the set destructor.

As we will see, ADTs are frequently folded with func-
tions that are constructors of other ADTs, so that ADT
folding describes, in essence, the transformation of ADTs.
This can be also viewed as a metamorphosis of ADTs, and
we therefore call this programming style with ADTs and
folds/transformers metamorphic programming.

1.3 Related Work

There is little work addressing structured recursion on non-
algebraic data types, that is, data types satisfying equational
laws. In particular, most approaches deal with specific data
types, and there is almost no general framework available
that could be used for a large class of abstract data types.

Chuang presents in [5] essentially three different views of
arrays and defines for each view corresponding fold opera-
tions. Gibbons [14] defines a data type for directed acyclic
multi-graphs. With a careful choice of operations, which
obey certain algebraic laws, the definition of graph folds be-
comes feasible. However, the whole approach is very limited,
since it applies only to acyclic graphs without edge labels.

We have presented a more general view of graphs in [8].
Several powerful fold operations are defined, and theorems
for program fusion allow the removal of intermediate search
trees as well as intermediate graph structures. We can re-
cover part of that approach within the current framework.
This is demonstrated in Appendix B.

The only general approach for expressing folds over non-
free data types we know of is the work of Fokkinga [13, 12].
The idea is to represent terms by combinators called trans-
formers and to represent an equation by a pair of transform-
ers. Several properties of transformers are investigated, and
it is shown how transformers can be combined to yield new
transformers thus resulting in a variable-free language for
expressing equations. Although being a nice generalization
completely in the categorical style, Fokkinga’s work still suf-
fers from the already mentioned restrictions caused by the
constraints that homomorphisms must map to quotients.

Essential in our approach are destructors, which are used
in transformers as unfolds. The importance of unfolds has
recently be stressed by Gibbons and Jones [15]. ADTs
and metamorphic programming underline this and implic-
itly promote the use of unfolds.

2 Preliminaries: Functors and Bifunctors

We provide some basic machinery that will be needed in the
sequel to define ADTs and ADT folds. We will show how to
define type constructors as functors and bifunctors, and how
these are used in a uniform representation for constructors
and destructors.?

Recalling the above descriptions of fold, one point re-
mains to be explained: how does fold find the “recursive
occurrences of T-values”? The answer is that a type con-
structor, such as GG, must have a certain structure — it must
be a functor. In the scope of this paper this just means that
G offers a function map: T — U — (G(T) — G(U)) which
is used to guide fold to the recursive occurrences. Functors
describing argument and result types are also called base
functors [4]. In Haskell there is a predefined class of functor
type constructors:

class Functor f where
map :: (t ->u) -> (£ t -> f u)

We have already encountered the Binary type constructor.
The justification that, for any type a, Binary a is indeed a
functor is given by providing an implementation for the map
function:

2We deliberately avoid here any reference to category theory. (A
categorical treatment of some aspects of this paper is given in [9].)
The reader is invited to download the Haskell source files from:
http://www.fernuni-hagen.de/inf/pi4/erwig/meta/



instance Functor (Binary a) where
map f UnitB = UnitB
map £ (Two x y) = Two x (f y)

Viewed as a binary type constructor, Binary is an example of
a bifunctor, whose relevant property for the ADT approach
is to offer a function mapping “along” both type arguments.
We can define a corresponding Haskell class:

class BiFunctor f where
map2 :: (a->b) > (t >u) >fat->fbu
mapFst :: (a->b) >fat->fbt
mapFst £ = map2 f id

together with the following instance:

instance BiFunctor Binary where
map2 f g UnitB = UnitB
map2 f g (Two x y) = Two (f x) (g y)

Looking at the examples from the Introduction, we recognize
a certain scheme that underlies the definition of construc-
tors and destructors. To support economic programming
we define, for each base functor, functions to map from the
base functor to the carrier set of the defined data type and
vice versa. For example, for the Binary type constructor we
have:

fromB :: t -> (a -> b -> t) -> Binarya b -> t

fromB u f UnitB =u

fromBu f (Two x y) =f xy

toB :: (t->Bool)->(t->a)->(t->b)->t->Binary a b
toBpfgx | px = UnitB
| otherwise = Two (f x) (g x)

This allows to write constructors and destructors much more
concisely, for example:

cList = fromB [1 (:)
dList toB null head tail
dSet = toB null head rest
where rest (x:xs) = filter (/=x) xs

We have shown here the (bi)functor definitions and from/to
functions only for the Binary type constructor. A more com-
prehensive list of base functor definitions is given in Figure
4 in the Appendix C.

3 Abstract Data Types as Bialgebras

We have already indicated that an ADT can be regarded
simply as a pair consisting of a constructor (or algebra)
¢ :: 8 —-> t mapping from some argument type s to a car-
rier type t and a destructor (or coalgebra) d :: t -> g t
mapping from the carrier to a type expression given by the
functor g applied to the carrier. Such an algebra/coalgebra
pair mapping to/from a common type is called a bialge-
bra [13]. Since we do not need any information about the
construction of ADT values, it is sufficient to represent the
constructor argument type just by a type variable. In con-
trast, we do require the result type of the destructor to be
expressed as a functor expression. Hence, we define the fol-
lowing type for ADTs together with functions for selecting
the constructor and destructor:

data Functor g => ADT s g t = ADT (s->t) (t->g t)

con (ADT c _)
des (ADT _ d)

c
d

We can identify several interesting special cases of ADTs:
we call ADTs that have equal argument and result types
symmetric, and a symmetric ADT with base functor Binary
is called binary. We will several times encounter collection
ADTs with elements of type a and with a carrier defined
by functor g that have a binary destructor, that is, splitting
(g a)-values into a and g a, but whose constructor inserts
list of a-values into the carrier. Those ADTs are called Join-
ADTs.
type SymADT g t
type BinADT a t
type JoinADT a g =
ADT (Binary [a] (g a)) (Binary a) (g a)

ADT (g t) g t
SymADT (Binary a) t

Let us now consider some ADT examples. We have already
seen that all algebraic data types can be canonically ex-
tended to ADTs. For example, for lists, we obtain:

list :: BinADT a [a]
list = ADT cList dList

The definition for set is analogous (use dSet instead of
dList), and a queue ADT can be simply defined by:

queue :: BinADT a [a]
queue = ADT cList (toB null last init)

Let us also mention some ADT examples that use non-list
carriers. For example, priority queues are more efficient
when based on heaps instead of lists, and they can be real-
ized by simply using appropriate heap operations. Similarly,
an array ADT can be defined on the basis of a finite map
implementation: arrays are constructed by an empty array
and a function that adds an (index,value)-pair (i,x) to an
array a, accumulating multiple index entries by a function
f. The array is decomposed by successively splitting off the
entry for the minimum index. Also based on finite maps, we
can define a bag ADT in which bag elements are mapped to
the number of their occurrences. The definitions of pqueue,
array and bag are shown in Figure 5 in Appendix C.? Note
that array and bag are actually examples of parameterized
ADTs. These are discussed briefly in Appendix A.

ADTs are not restricted to model collection types. Con-
sider, for example, the Unary base functor, which is defined
as follows:*

data Unary a = UnitU | One a
fromU :: t -> (a -> t) -> Unary a -> t

fromU u £ UnitU = u
fromU u £ (One x) = f x

toU :: (t -> Bool) —> (t -> a) -> (t -> Unary a)
toU p £ x = if p x then UnitU else One (f x)

We can now define an ADT for natural numbers in an ob-
vious way:

cNat = fromU 0 succ

diat = toU (==0) pred

nat :: SymADT Unary Int
nat = ADT cNat dNat

3A heap and finite map implementation is included in the distri-
bution of the Haskell source files.

*Haskell connoisseurs will recognize that Unary is essentially the
same as Maybe. We felt that using Maybe would have been a bit con-
fusing. In addition, the chosen names are in line with those of Binary
and Ternary.



trans ::
trans f a b =conb . f

(Functor g,Functor h) => (gu ->r) -> ADT s gt -> ADTr hu -> (t -> u)
. map (trans f a b)

. des a

Figure 1: Definition of ADT Transformer.

A boolean ADT can be defined by:

bool :: BinADT Bool Bool
bool = ADT (fromB False (|[))
(toB’ not (\_->(True,False)))

An important aspect of ADTs is that the clear separation
into constructor and destructor gives them a highly modular
structure which, in particular, makes it very easy to com-
bine different views of ADTs on the constructor/destructor
side. We can, for example, provide a join view of lists (on
the constructor side), or we can define versions of natural
number ADTs that construct numbers by multiplication or
that return the number currently decomposed in addition to
its predecessor:

jList :: JoinADT a []

jList = ADT (fromB [] (++)) dList

prod :: ADT (Binary Int Int) Unary Int
prod = ADT (fromB 1 (x)) dNat

rng :: ADT (Unary Int) (Binary Int) Int
rng = ADT cNat (toB (==0) id pred)

Finally, examples for ADTs with a more complex (than bi-
nary) type structure are all kinds of trees. A definition of a
binary tree ADT is included in Figure 5.

It seems that ADTs are not as abstract as they should
be because the carrier type is always visible. At least this
is true when using transparent types, such as built-in lists,
as carriers. However, this can be avoided by using abstract
types that do not export their internal structure (cf. the
pqueue ADT). (NB: The notion of ADT in this paper is a
specialized one not aiming at hiding representations, rather
the focus is on giving predefined shapes that enable the def-
inition of fold operations.)

4 Programming with ADTs
4.1 Fold

It 1s now quite simple to define a general fold operation for
ADTs because these carry their own destructors. Since a
destructor i1s a function of type t -> g t, the parameter
functions for fold must also be grouped into one function f
of type g u -> u for some type u. This can be conveniently
achieved by using the “from” function defined for the base
functor g. Then the definition of fold works as described
above: after applying the destructor, fold is recursively ap-
plied by means of map, followed by an application of f:

fold::Functor g=>(g u->u) -> ADT s gt => t > u
fold f a=f . map (fold f a) . des a

Note that fold is essentially the same as a hylomorphism
[21, 25]: the destructor of a is used like an anamorphism that
builds a value of structure g, and f serves as the argument
of a catamorphism that consumes that value. This (and
several more) relationships are explained in [10].

As an example we define a function for computing the
sum of a list of integers by a fold on the ADT 1ist. Since
the result type of dList is defined by Binary, the parameter
function for fold can be conveniently denoted with the help
of fromB:

sum :: Num a => [a] -> a
sum = fold (fromB 0 (+)) list

This definition looks very similar to the familiar definition
of sum by list fold. The important difference is, however,
that essentially the same definition instantly works for sets,
too:

sumset :: Num a => [a] -> a
sumset = fold (fromB 0 (+)) set

Whereas sum adds all numbers of a list irrespective of dupli-
cates, sumset adds each number only once.

We should say one word of warning here: since general re-
cursion can be used in the definition of fold parameters and
ADT con/destructors, the termination of folds and trans-
formers can, in general, not be guaranteed.

4.2 Transform

If we consider the related task of multiplying the numbers
of a list, we recognize that the required fold parameter is
already available as the constructor of the ADT prod. This
leads to the definition of a particular kind of fold opera-
tions that use ADT constructors as parameters. Essentially,
such a fold describes the transformation of one ADT (called
source ADT) into another one (called target ADT), and we
therefore call these folds ADT transformers. In this sim-
ple form we can use only an ADT as a target whose con-
structor’s argument type is defined by the same base functor
that is used in the result type of the source ADT destructor.
This restriction can be easily lifted by adding a parameter
function f that maps from the result type structure of the
source ADT destructor to the argument type of the target
ADT constructor; we call £ the map of the transformer.®

The definition of the ADT transformer is given in Figure
1. We also define as a special case:

transit = trans id

We have the following obvious relationships between trans
and fold:

trans f a b = fold (con b.f) a

transit a b fold (con b) a (TransFold)

I

This shows how to express a fold (such as sum) by an ADT
transformer: simply select a target ADT that has the fold
parameter function as its constructor.

With regard to our motivating example, multiplication
of a list of numbers 1..n realizes the factorial function:

fac = transit rng prod

Further examples for the use of transformers are (halves =

5 Actually, f is a natural transformation between the two base func-
tors.



ADT cNat (toU (==0) (‘div‘ 2))):

log2 :: Int -> Int
log2 = pred . transit halves nat

any :: (a -> Bool) -> [a] -> Bool
any p = trans (mapFst p) list bool

histogram :: Ord a => [a] -> M.FiniteMap a Int
histogram = trans once list (array (+))
where once = mapFst (\n->(n,1))

ADT transformers are actually hylomorphisms using the
source ADT destructor as the unfold argument and the tar-
get ADT constructor as the fold argument. We believe that
thinking in ADT abstractions is easier than working with
hylomorphisms directly and might eventually enjoy a better
user acceptance; in a sense, ADTs allow programming with
hylomorphisms without being aware of it.

4.3 Calculating Target ADTs

The length of a list can be computed by a transformer from
list to nat. Since the functors do not agree, we must now
provide a function to adjust the destructed values to the
constructor of nat.
length = trans p2 list nat
where p2 UnitB = UnitU
p2 (Two _ y) = One y

The map of the transformer is sometimes a bit unwieldy
and makes function definitions difficult to read. We can
always remove it by selecting an appropriate target ADT
that agrees with the functor of the source ADT destructor.®
In the above example, the desired ADT can be calculated
by deriving a solution for count in the following equation:

trans p2 list nat = transit list count

If we unroll the definition of trans once, we obtain:

length = cNat . p2 . map length . dList

Next we can fuse the functions cNat and p2. Expanding
fromU in the definition of cNat gives:
cNat UnitU = 0
cNat (One x) = succ x
This can be immediately fused with the two cases of p2
resulting in the following function definition.
cCount UnitB =0
cCount (Two _ y) = succ y
(Note that cCount = fromB 0 (\_ y->succ y).) We thus
have:
length

cNat . p2 . map length . dList
cCount . map length . dList
= transit list count

where count = ADT cCount dNat. We can use count also
to determine the size of a set:

card = transit set count

It 1s striking that the definitions of length and card differ
only in their argument ADT. We can easily give a unifying

5We can also use predefined, parameterized natural transforma-
tions between functors. For example, using ntBU (see Figure 4) length
can be defined as trans (ntBU (\_ y->y)) list nat.

definition that takes as an additional parameter the ADT
to be aggregated:

gize :: ADT s (Binary a) t -> t -> Int
size a = transit a count

This definition of size has, in a sense, a higher degree of
polymorphism than, say, the function length. It is, however,
fixed with respect to the type structure of the ADT, so in
this respect, it is not as general as polytypic functions [18].
These two kinds of polymorphisms are somewhat orthogonal
to each other.

4.4 Non-Binary Recursion

Until now we have programmed only with ADTs having the
base functors Binary and Unary. It is clear that all presented
concepts also apply to, say, tree-like structures. For exam-
ple, we can easily specify a function for a preorder traversal
of binary trees.

preorder :: Tree a -> [a]
preorder = trans (ntTB id (++)) tree list

Transformers also offer a nice view on divide-and-conquer

algorithms. As an example we will define quicksort. First,

we provide a “split”-view on lists by defining an ADT that

decomposes a non-empty list with head x and tail 1 into

three lists of all elements that are less, equal, or greater

than x.

fork::0rd a=>ADT (Binary a [a]) (Ternary [a]) [a]

fork = ADT cList (toT null (sel (==)) (sel (<)) (sel (>)))
where sel f 1@(x:_) = filter (flip f x) 1

All the target ADT has to do now is to simply join the
triples of lists delivered by fork. We therefore define the
ADT combine as follows.

combine :: ADT (Ternary [a] [a]) (Binary a) [a]
combine = ADT (fromT [] append213) dList
where append213 y x z = x++y++z

Now we can define quicksort by the following transformer.

quicksort :: Ord a => [a] -> [a]
quicksort = transit fork combine

Maybe the popularity and success of the divide-and-conquer
scheme is in part due to its structured use of recursion.

4.5 ADT Streams

The functions trans and transit allow to map from one
ADT directly into another one. By composing two trans-
formers we obtain a function that maneuvers values “via”
an intermediate ADT:

via :: (Functor g,Functor h,Functor i) =>
ADT s g t—>ADT (g u) h u->ADT (h v) i v->t->v
via a b ¢ = transit b ¢ . transit a b

By composing more than two transformers we can set up a

stream of ADTs.

stream :: Functor g => [SymADT g t] -> t -> t
stream [a,b] = transit a b

stream (a:b:as) = stream (b:as) . transit a b

For simplicity we have given a definition for symmetric
ADTs; this can be generalized by equipping the ADTs in
the list with natural transformations. More serious, how-
ever, is the restriction that all ADTs of a stream must have



the same carrier. This results from the restriction that lists
in Haskell are homogeneous (which might be lifted in future
by the introduction of existential types). In any case, we
can circumvent this by using streaming operators for a fixed
number of ADTs, such as via.

ADT streams are handy for expressing certain algo-
rithms, for example, removing duplicates from a list, re-
versing a list, or sorting a list:

remdup = via list set list
reverse = via list queue list
heapsort = via list pqueue list

bucketsort = via list bag list

We also could have used stream in the definition of remdup
and reverse, since set and queue are implemented on
the basis of lists. However, specialized stream operators
have more general types and are thus less sensitive to re-
implementations of ADTs that change their carriers.

5 Laws for Program Manipulation

It has been stressed by Meijer and Hutton [22] that a good
advice for obtaining useful relationships is to look at the free
theorem [26] for the type of polymorphic functions. Now the
free theorem for fold is:

Theorem 1 (Free Fold)
lstrict A 1.f = f>.map1l A d’.r = map r.d =
1.fold £ (ADT c d) = fold £’ (ADT ¢ 4’).r 0O

We obtain as a special case a traditional “fold fusion from
left” theorem if we let r = id and d = d’ (then the last
premise becomes trivially true). To avoid cluttering theo-
rems with strictness requirements we are restricting to strict
functions in the sequel.

Corollary 1 (Fold Left)
1.f = f>.map 1l = 1l.fold f a = fold £’ a 0O

Here we can give only a taste of the calculational chances
offered by the metamorphic programming style. More laws
are investigated in [10].

5.1 Fusion

We have already remarked that ADTs are a conservative ex-
tension of algebraic data types which means that the laws
and program transformation techniques that have already
been developed can still be used in the extended frame-
work, although some rules have to be spelled out a bit dif-
ferently. For example, as an instance of Corollary 1 with 1
= fold £’ b we obtain a fusion rule for two functions that
are both expressed as folds:

Theorem 2 (Fold Fusion)
des b.f = id = fold f’ b.fold f a = fold f’ a

Proof. First we show:

fold £’ b.f

= f’.map (fold £’ b).des b.f
= f’.map (fold £’ b).id

= f’.map (fold £’ b)

{ FoldDef }
{ precondition }

Now we can apply Corollary 1 to the left side and immedi-
ately obtain the right side. a

Next we record an interesting property of ADT's:

Definition 1 ADT c¢ dis inveriible : <= d.c = id

In particular, all ADTs that are canonically derived from
algebraic data types (such as, 1ist and tree) are invertible.

An important property of invertible ADTs is that they
can be safely omitted from ADT streams.

Theorem 3 (Transit Law)
b is invertible —> viaab c = transitac

Proof.

via a b c

= transit b c.transit a b { ViaDef }
= fold (con c) b.fold (con b) a { TransFold }
= fold (con c) a { FoldFusion }

= transit a c

{TransFold } O

By induction, this result also holds for streams of more than
3 ADTs. This fusion rule for ADTs is a natural general-
ization of the fusion law for algebraic data types, and its
importance lies in the fact that all the well-known fusion
optimization techniques for algebraic data types can be car-
ried over to the metamorphic programming style.

5.2 Proving Program Properties

We present a simple law that describes how to move pred-
icates along ADT transformers and demonstrate its use in
proving the correctness of the heapsort program.

As a corollary of Theorem 2 we know that a property
p which holds for values of an ADT a also holds for their

transformed counterparts of an invertible ADT b.

Theorem 4 (Property Transition)
(b is invertible A\p a = f£.fold g a) =
p a =pb.transit a b

Proof.
p b.transit a b

= f.fold g b.fold (con b) a
=f.fold g a

:pa

{Def. p & TransFold }
{ FoldFusion }
{Def. p} O

The correctness of heapsort can be proved in two steps:
first, show that the ADT stream neither generates nor for-
gets elements. This follows from the very same property of
the used ADTs: for invertible ADTs, such as 1ist, this is
obvious, and for the ADT pqueue, the property is assumed
(or better, has to be proved) for the underlying Heap im-
plementation. Second, show that the resulting list is sorted.
This can be done using the above theorem. We first define
the following “minimum” property:

pMin :: Ord a => ADT s (Binary a) t -> t -> Bool
pMin a = fst . fold f a where

f UnitB = (True,Nothing)

f (Two x (b,Hothing)) (True,Just x)

f (Two x (b,Just y)) (x<=y &% b,Just (min x y))

The function f checks whether x is less than or equal the
current minimum and updates the current minimum value.
Folding an ADT with £ yields a pair whose first component
is true when the outermost value is not greater than any
other value in the ADT.

Since the minimum property is a characterization of pri-
ority queues, for all priority queues p the following expres-
sion is always true:



pMin pqueue p

Next we have to recognize that pMin list describes the
property of lists being sorted. This can be seen by induction
as follows: an empty or a one-element list is always sorted,
and f obviously computes True and the minimum of the list
in both cases. For a list x:1 (with 1 # empty) we assume
by induction that pMin list properly determines whether
1 is sorted (in variable b) and its minimum Just y. The list
x:1is then marked as sorted only if b = True, that is, if 1 is
sorted, and if x <'y. Since this is a correct characterization
of the sorted predicate, we can thus say

sorted = pMin list

Now we can reason as follows. Since pMin pqueue is true for
all priority queues, it is, in particular, true for any priority
queue that is built by a transformation from a list, that is,
for all lists 1 the following expression is always true.

pMin pqueue (transit list pqueue 1)

Now we can apply Theorem 4 with a = pqueue and b =
list, and we obtain:

pMin list (transit pqueue list (tramnsit list pqueue 1))
Next we fold the definition of via and get:
pMin list (via list pqueue list 1)

Finally, we fold the definitions of heapsort and sorted, and
we know that the following is true for all lists 1:

sorted (heapsort 1)

5.3 Exploiting Single-Threadedness of ADTs

We can observe that intermediate stream ADTs are used
in a single-threaded way, and this means that they can be
implemented with imperative data structures without in-
troducing unwanted side-effects. For example, we can use
an imperative queue implementation for the intermediate
stream ADT in reverse, or we can use an imperative array
in the stream for bucketsort.

A closer look reveals that — corresponding to the position
of an ADT in a transformer or in a stream — there are essen-
tially three different cases that offer different optimization
opportunities:

(1) As just described, intermediate stream ADTSs can be
implemented in a completely imperative way.

(2) Target ADTs of transformers can be, at least inter-
nally, constructed imperatively, since all intermediate ver-
sions are single-threaded, but the final value must be a func-
tional (or, persistent) data structure [23, 6], since it can be
freely shared. This fact can be exploited as follows: first, we
can use an imperative data structure during the construc-
tion phase and copy it finally into, or use it as an initial
value of, a functional data structure that is returned as the
result. In some cases the copy can be saved by using special-
ized constructors that build a representation of a functional
data structure without keeping intermediate versions.

A typical example is the version tree implementation of
functional arrays [1]: the initial values are kept in an imper-
ative array, and updates to it are recorded in a tree. Now
when an array is used as the target of a transformer, we
need not start with an empty array and record all entries in
the version tree. Instead we can construct the array value
imperatively. This means that, for example, the function

histogram runs in binary time if the array ADT is imple-
mented in the described way.

(3) A source ADT a of a transformer might be shared,
but all intermediate versions constructed from a are single-
threaded. This shows two possible ways of optimization:
first, we can work with a copy of a. This can then be a
plain imperative data structure, which can be freely updated
during the decomposition. Instead of copying we can use
“quasi”-destructors that actually do not alter the ADT, but
rather keep an auxiliary data structure that helps to simu-
late the intermediate ADT values during the decomposition.

For example, the graph algorithms presented in Ap-
pendix B run very efficiently when we take a graph ADT
with an array of adjacency lists representation using a de-
structor that instead of removing nodes from the graph sim-
ply remembers removed nodes in an imperative array. Then
contexts that are delivered during decomposition have to be
cleared from already deleted nodes. In this way, we obtain
graph algorithms that are as efficient as their imperative
counterparts [8, 7]. The really nice thing is that we achieve
all this without the need for using monads (on the algorith-
mic level); the details of the efficient implementation are
completely hidden in the ADT implementations.

These aspects of introducing imperative implementations
are discussed in much more detail in [10] where the informal
reasoning given here is underpinned by several theorems.

6 Conclusions

We have shown how to pave the way for structured recur-
sive programming with abstract data types. By introduc-
ing ADTs as (constructor, destructor)-pairs, ADT folds and
transformers can be easily defined using ADT destructors.
The proposed programming style can be used without know-
ing anything about category theory which supports its ac-
ceptance.

Requiring the explicit definition of destructors means ad-
ditional work compared with the approach for algebraic data
types. However, we believe the effort pays off, since it offers
much freedom in the design of ADTs, in particular, the sep-
aration into constructor and destructor provides a high de-
gree of modularity. Moreover, ADT transformers are much
more general than folds on algebraic data types, since they
can map into types with less structure.

Still, the extended framework offers all the optimiza-
tion opportunities that have proved useful for algebraic data
types, since invertible ADTs (which cover the class of al-
gebraic data types) can be safely fused away from the in-
terior of ADT streams. Moreover, the single-threadedness
of ADTs facilitates the introduction of highly efficient im-
perative ADT implementations without affecting referential
transparency.
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Appendix A. Parameterized ADTs

When programming with transformers one is frequently
faced with the need to define several variants of an ADT
just for having a particular destructor (or constructor) be-
havior available. In some cases it is therefore convenient
to define a generic ADT from which the desired instances
can be obtained by simply providing appropriate function
parameters. This also helps to compare different ADT in-
stances and the functions defined by transformers on them.
Consider, for example, a binary ADT for integer pairs
whose destructor is parameterized by the termination pred-
icate p and by a function f that transforms integer pairs.

type Int2 = (Int,Int)

nat2::(Int2->Bool)->(Int2->Int2)->ADT () (Binary Int) Int2
nat2 p £ = ADT (\_->(0,0)) (toB p fst f)

With nat2 we can express many numeric operations (func-
tion product “><” and tupling “/\” are defined together with
other auxiliary functions in Figure 3 in Appendix C.)

minus = uncurry (-)

eq0 = (==0).snd

eq0’ = (==0).fst

1t0> = (K0).fst

mult = transit (nat2 eq0 (id >< pred)) summ
power = transit (nat2 eq0 (id >< pred)) prod

fac n = transit (nat2 eq0 (pred >< pred)) prod (n,n)
mod = transit (nat2 1t0’ (minus /\ snd)) final

gcd = transit (nat2 eq0’ (mod’ /\ fst)) final

where mod’ = fromJust . mod . swap

The ADT final keeps the last of a sequence of values de-
livered by the decomposition of a binary ADT, see Figure 5
in Appendix C.

Appendix B. An Advanced Example: Graph ADTs

To define a graph ADT in the technical sense of this paper,
we need an inductive definition of graphs. We have intro-
duced and motivated such a compositional view in [§]: a
graph is either empty, or it is constructed by adding a node



together with edges to its predecessors and successors. Let
Node be a type of node values (which is here just a synonym
for Int), and let Graph a b be the type of graphs with node
(edge) labels of type a (b). A node context is a labeled node
together with a list of successors and a list of predecessors
(paired with the corresponding edge labels):

type Adj b = [(b,Node)]
type Context a b = (Adj b,Node,a,Adj b)

Then we have the following two graph constructors:

empty ::
embed ::

Graph a b
Context a b -> Graph a b -> Graph a b

Note that embed yields a runtime error if either the node to
be inserted is already present in the graph or if any of the
predecessor or successor nodes does not exist in the graph.
Both constructors can be combined as follows.

type LinGraph a b=Binary (Context a b) (Graph a b)

cGraph :: LinGraph a b -> Graph a b
cGraph = fromB empty embed

Unordered Graph Decomposition

A graph can be decomposed by removing a node together
with its context, that is, its incident edges. In this section
we will use a destructor matchAny that selects and removes
an arbitrary node (for example, the smallest one). Below we
shall encounter a more versatile destructor.

matchAny :: Graph a b -> (Context a b,Graph a b)

Now we can easily define an ADT for graphs (isEmpty checks
whether a graph contains any nodes).

graph :: BinADT (Context a b) (Graph a b)
graph = ADT cGraph (toB’ isEmpty matchAny)

To take an example for a transformer into graphs, consider
the following function that builds graphs from a list of con-
texts:

buildGraph :: [Context a b] -> Graph a b
buildGraph = transit list graph

With buildGraph we can construct, for instance, a cycle of
three nodes (of type Graph Char String):

buildGraph [([("ca",3)]1,1,’a’,[("ab",2)]1),
([1,2,’v>,[("bc",3)1),
(d,s8,’¢c’, D]

With transformers out of graphs we can compute, for ex-
ample, a list of a graph’s nodes, the number of its edges, or
node membership (q2 (_,x,_,_) = x, see Figure 3):

nodes :: Graph a b -> [Node]
nodes = trans (mapFst q2) graph list

noEdges :: Graph a b -> Int
noEdges = trans (mapFst size) graph summ
where size (p,_,_,s) = length p+length s

member :: Node -> Graph a b -> Bool
member v = trans (mapFst ((v==).q2)) graph bool

The function gmap is a graph “endo”-transformer that allows
to map functions to graph contexts.

gmap :: (Context a b -> Context c d)
-> Graph a b -> Graph ¢ 4
gmap f = trans (mapFst f) graph graph

With gmap we can, for example, map functions to all node
labels, and we can even define graph reversal:

mapNodes :: (a -> a’) -> Graph a b -> Graph a’ b
mapNodes f = gmap (lab f)
where lab f (p,v,1,s8) = (p,v,f 1,s)

grev :: Graph a b -> Graph a b
grev = gmap swap
where swap (p,v,1l,s) = (s,v,1,p)

The expressiveness of graph transformers that do not have
control over the order of node decompositions is a bit lim-
ited. We will consider a more powerful graph ADT next.

A Graph Library in 6 Lines

The keys to more sophisticated graph algorithms are (i) to
use a graph ADT that is based on a destructor for matching
particular nodes, and (ii) to enable the matching of nodes
in a specific order. The first requirement is met by a func-
tion match that takes an additional Node-parameter and tries
to decompose the context of this node from the graph. In
contrast to matchAny, this operation can fail on non-empty
graphs if the node is not contained in the graph. Therefore,
match is defined to return a “Maybe” context-value.”

type MContext a b = Maybe (Context a b)
type Decomp a b = (MContext a b,Graph a b)

match :: Node -> Graph a b -> Decomp a b

We are faced, however, with one problem: the decompo-
sition of the graph at one particular node yields, as part
of a context value, several new nodes. Now which one of
these nodes should be used in the next decomposition, and
what should be done with the remaining nodes? An an-
swer to both of these questions is to use another ADT as
a buffer which is constructed and destructed alongside with
the graph transformation:® nodes yielded by a graph de-
composition are inserted into the buffer, and the node to
be used in the next match decomposition is destructed from
the buffer. The use of buffers also provides a solution to the
second requirement, since the buffer ADT implicitly defines
a specific ordering among the nodes.

Hence, we shall define a graph ADT that is parameter-
ized, in the first place, by the buffer ADT to be used. We
then need two further “interfacing” functions £ and h, which
specify how to obtain the next node from the decomposed
buffer ADT value, respectively, what part of the currently
decomposed context to insert into the buffer. Function f
might simply be the identity if only nodes are stored in the
buffer, but it might also be a more complex function when
the buffer carries additional information. Likewise, h might
simply extract the predecessors or successors from the con-
text, but it might also combine them with other values that
could be needed to control the buffer behavior. In any case,

“With this definition match can return a graph value even if match-
ing itself fails. This is important for the definition of graph transform-
ers below.

8 An alternative proposal is to use an initially fixed sequence of
nodes. However, it seems that this does not have many applications,
since the order of visiting nodes is typically determined dynamically
during the exploration of the graph.



bufGraph ::

where explore (b,g) =

(JoinADT ¢ f) -> (c -> Node) -> (c -> Context a b -> [c]) ->

ADT () (Binary (MContext a b)) (f c¢,Graph a b)

bufGraph (ADT ¢ d) £ h = ADT (\_->(c UnitB,empty)) explore

case d b of UnitB
Two x b’ | isEmpty g -> UnitB

-> UnitB

| otherwise -> Two ctx (c (Two s b’),g’)
where (ctx,g’) = match (f x) g
s = maybe [1 (h x) ctx

Figure 2: Parametric Graph ADT.

h delivers a list of values, and so the buffer should be a
Join-ADT.

The definition of the parameterized graph ADT is
given in Figure 2: the function bufGraph constructs an
ADT whose carrier consists of (buffer, graph)-pairs. Since
bufGraph is used for decomposing graphs, we give only a
“dummy” constructor — the interesting part is the destruc-
tor explore which works as follows. First, the buffer b is
decomposed, and if it cannot provide any value, the whole
decomposition stops, which also happens when the graph g
is empty. Otherwise, we compute with f from the decom-
posed buffer value x the node to be matched next and use
this node to decompose the graph. This yields a remaining
graph g’ and a context-value ctx, which forms the first part
of the result of explore. The second part is the new carrier-
value, that is, a pair consisting of a buffer and a graph, which
is simply g’. The new buffer-value is the remaining buffer
b’ into which a list of values s (essentially obtained from the
current context) is inserted: if the last graph decomposition
failed, that is, if ctx = Nothing, then s is []. Otherwise, s
is given by h x ctx. (Giving h access to the value x allows
information from the buffer to be carried over to its next
version, an example is given below.)

Before we can use bufGraph to specify graph algorithms
we have to define appropriate target and buffer ADTs. If
we are Interested in obtaining a list of visited nodes, we
could try to simply use a list ADT, but we have to care
about the fact that contexts are Maybe-values. Therefore,
we employ the following ADT combinator that makes an

ADT “maybeable”:

maybeView: :Functor g=>ADT (Binary a t) g t —->
ADT (Binary (Maybe a) t) g t
maybeView (ADT ¢ d) = ADT ¢’ 4

where ¢’ UnitB = ¢ UnitB
c’ (Two Nothing y)
¢’ (Two (Just x) y) = ¢ (Two x y)

Now we can use the ADT mlist = maybeView list as the
target for graph transformers. As buffers we can use ADTs
we have already defined earlier, such a queue, but we have to
equip them with a join view on the constructor side. Again,
we define an ADT combinator:
joinView :: Functor g => ADT (Binary a t) g t —->
ADT (Binary [al t) g t
joinView (ADT ¢ d) = ADT ¢’ 4
where ¢’ UnitB = ¢ UnitB
¢’ (Two xs y) = foldr ¢’’ y xs
where ¢’’ x y = ¢ (Two x y)

Hence, we can derive the following buffer ADTs:
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jStack = joinView list
jQueue = joinView queue
jPqueue = joinView pqueue

Next we can define a function representing a class of graph
traversals (the definition is just for saving space):

expl buf = trans (mapFst (map q2)) buf mlist

Now we can specify graph algorithms. We start by depth-
first and breadth-first search:

sucs _ (_,_,_,s) = map snd s

expl (bufGraph jStack id sucs) ([v],g)
expl (bufGraph jQueue id sucs) ([v],g)

dfs v g =
bfs v g =

With the above definition, dfs is defined to start at one
specific node, which means that it cannot, in general, reach
the whole graph. This can be easily generalized by using a
list of all nodes as a start value for the buffer.

We can even define Dijkstra’s shortest path algorithm as
an instance of bufGraph (note that node costs must come
first in the priority queue):

labSucs (y,_) (_,_,_,s) = [(y+1,v) | (1,v) <- =]
sp v g = expl (bufGraph jPqueue snd labSucs)
(H.unit (0,v),g)

This example demonstrates the need for the parameter f
and for the access of decomposed buffer values by h.

Note that indexed decomposition as offered by bufGraph
can also be reasonably defined and used for arrays.

Appendix C. ADT Reference

infixr 8 /\
infixr 8 ><
(f /\ g) x
(f >< g) (x,y)

(f x,8 x)
(f x,g y)

swap (x,y)

= (y,x)
q2 (_,x,_,_) =

X
f ‘0‘ g = curry (f . (uncurry g))
fromJust (Just x) = x
fromMaybe _ (Just x) =

X
fromMaybe x Nothing = x

Figure 3: Auxiliary Functions.



I a

UnitU | One a
UnitB | Two a b
UnitT | Three a b b

data I a

data Unary a
data Binary a b
data Ternary a b

instance Functor I where
map £ (I x) = I (f x)

instance Functor Unary where
map £ UnitU = UnitU
map £ (One x) = One (f x)

instance Functor (Binary a) where
map £ UnitB UnitB
map £ (Two x y) = Two x (f y)

instance Functor (Ternary a) where
map f UnitT UnitT
map f (Three x y z) = Three x (f y) (f z)

instance BiFunctor Binary where
map2 f g UnitB = UnitB
map2 f g (Two x y) = Two (f x) (g y)

instance BiFunctor Ternary where
map2 £ g UnitT UnitT
map2 f g (Three x y z) = Three (f x) (g y) (g y)

fromI :: (a ->t) >I1a->t
fromI f (I x) = f x

tol :: (t ->a) >t ->1a
tol £ x =1 (f x)

fromU :: t -> (a => t) -> Unary a > t
fromU u £ UnitU u
fromU u £ (One x) f x

toU :: (t -> Bool) -> (t -> a) -> (t -> Unary a)
toU p £ x = if p x then UnitU else One (f x)

fromB :: t -> (a -> b -> t) -> Binary a b > t
fromB u £ UnitB u
fromBu f (Two x y) =f xy

toB :: (t -> Bool) -> (¢t -> a) > (t -> b) -> t -> Binary a b
toBp f g x = if p x then UnitB else Two (f x) (g x)

toB’ :: (t -> Bool) -> (t -> (a,b)) -> t -> Binary a b
toB’ p £ x = if p x then UnitB else Two y z where (y,z) = f x

fromT :: t -> (a > b -> b -> t) -> Ternarya b > t
fromT u £ UnitT u
fromT u f (Three x y z) = f x y z

toT :: (t -> Bool) -> (¢t -> a) => (t => b) => (£t => b) -> t -> Ternary a b
toT p f g h x = if p x then UnitT else Three (f x) (g x) (h x)

ntBU :: (a -> b -> ¢) -> Binary a b -> Unary c¢
ntBU f UnitB UnitU
ntBU £ (Two x y) = One (f x y)

ntTB :: (a -> ¢) > (b -> b -> d) -> Ternary a b -> Binary ¢ d
ntTB £ g UnitT = UnitB
ntTB f g (Three x y z) = Two (f x) (g y z)

Figure 4: Definitions for Base Functors.
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nat :: SymADT Unary Int

nat = ADT cNat dNat

count :: ADT (Binary a Int) Unary Int
count = ADT (fromB O (\x y->succ y)) dNat
summ  :: ADT (Binary Int Int) Unary Int
summ = ADT (fromB 0 (+)) dNat

prod :: ADT (Binary Int Int) Unary Int
prod = ADT (fromB 1 (%)) dNat

rng :: ADT (Unary Int) (Binary Int) Int
rng = ADT cNat (toB (==0) id pred)

halves :: SymADT Unary Int
halves = ADT cNat (toU (==0) (‘div‘ 2))

nat?2 :: ((Int,Int) -> Bool) -> ((Int,Int) -> (Int,Int)) -> ADT () (Binary Int) (Int,Int)
nat2 p £ = ADT (\_->(0,0)) (toB p fst f)

bool :: BinADT Bool Bool

bool = ADT (fromB False (|])) (toB’ not (\_->(True,False)))

final :: ADT (Binary a (Maybe a)) I (Maybe a)

final = ADT (fromB Nothing (Just ‘o‘ fromMaybe)) (tol id)

list :: BinADT a [a]

list = ADT cList dList

set :: Eq a => BinADT a [a]

set = ADT cList (toB null head rest) where rest (x:xs) = filter (/=x) xs
queue :: BinADT a [a]

queue = ADT cList (toB null last init)

pqueue :: Ord a => BinADT a (H.Heap a)
pqueue ADT (fromB H.empty H.insert) (toB H.isEmpty H.findMin H.delMin)

array :: Ord i => (a -> a -> a) -> BinADT (i,a) (M.FiniteMap i a)
array f = ADT (fromB M.emptyFM accum) (toB’ M.isEmptyFM split)
where accum (i,x) a = M.accumFM a i f x
split a = (x,a’) where Just (a’,x) = M.splitMinFM a

bag :: Ord a => BinADT a (M.FiniteMap a Int)
bag = ADT (fromB M.emptyFM add) (toB’ M.isEmptyFM split)
where add x b = M.accumFM b x (+) 1
split b = (x,b’) where Just (b’’,(x,c)) = M.splitMinFM b
b’ = if c==1 then b’’ else M.addToFM b’’ x (c-1)

data Tree a = Leaf | Branch {key::a, left,right::Tree a}

isLeaf Leaf = True

isLeaf _ = False

tree :: SymADT (Ternary a) (Tree a)

tree = ADT (fromT Leaf Branch) (toT isLeaf key left right)
graph :: BinADT (Context a b) (Graph a b)

graph = ADT (fromB empty embed) (toB’ isEmpty matchAny)

Figure 5: Example ADTs.
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